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Abstract. We study cohomology-free (c.f.) diffeomorphisms of the torus T n. A diffeo-
morphism is (c.f) if every smooth function f on T n is cohomologous to a constant f0 i.e.
there exists a C∞ function h so that h − h ◦ ϕ = f − f0 . We show that the only (c.f.)
diffeomorphisms of T n are smooth conjugations of Diophantine translations. This is part
of a conjecture of A. Katok [H, Problem 17].
1. Introduction. A diffeomorphism ϕ : T n → T n is given on the covering Rn by ϕ˜ =
A+ F + α where A is an integer n× n matrix with detA = ±1 and F (x+ p) = F (x) for
all p ∈ Zn and α ∈ Rn, α 6= 0.
A translation Tα : T
n → T n is Diophantine if
||k · α|| ≥
C
|k|n+p
C, β > 0 (1.1)
where k = (k1, . . . , kn) ∈ Z
n − {0}, k · α + k1 α1 + · · ·+ kn · αn ,
||x|| = inf{(x− ℓ), ℓ ∈ Zn}, |x| = supj |xj | [AS] (1.2)
A (c.f.) diffeomorphism leaves invariant a volume form and it is uniquely ergodic and
minimal.
Proposition 1. There exists an invariant volume form for a cohomology-free diffeo-
morphism.
Proof: Let Ω0 be a volume form on M . Thus
ϕ∗Ω0 = det DϕΩ0 (1.3)
since ϕ : T n → T n is (c.f.) then there exist a constant c and a C∞ function h : M → R
such that
log | det Dϕ| = h− h ◦ ϕ+ c. (1.4)
1
We will show that c = 0. Consider the volume form
Ω = exp hΩ0 . (1.5)
Now from (1.4) and (1.5) we have
|ϕ∗Ω| = (exp h ◦ ϕ)|ϕ∗Ω0| = (exp h ◦ ϕ)| det Dϕ|Ω0
= exp(h ◦ ϕ+ log | det Dϕ|)Ω0
= exp(h+ c)Ω0
= exp(c) exp hΩ0 (1.6)
= exp(c)Ω by (1.5)
thus ∣∣∣∣
∫
M
ϕ∗Ω
∣∣∣∣ | deg(ϕ)| = (exp c)
∫
M
Ω (1.7)
from (1.3) and (1.4) we may assume that
∫
M
Ω = 1 by choosing a convenient function
h : M → R.
Now from (1.7) we get
| deg(ϕ)| = exp(c) = 1 (1.8)
thus c = 0 and from (1.5) and (1.6) we have
ϕ∗Ω = deg(ϕ)Ω.

Proposition 2. The entropy of a (c.f.) diffeomorphism ϕ : T p → T p vanishes.
Proof: By Proposition 1,
log | det Dϕ| = h ◦ ϕ− h. (2.1)
Thus ∫
T p
log | det Dϕ|dµ = 0
since ∫
T p
(h ◦ ϕ− h)dµ = 0
2
and by Ruelle inequality
hµ(ϕ) ≤
∫
T p
log | det Dϕ|dµ = 0 (2.2)
[M2] 
Proposition 3. Any power of a (c.f.) diffeomorphism ϕ : T p → T p is also (c.f.).
Proof: Let ϕ : T p → T p be a (c.f.) diffeomorphism then ϕr : T p → T p, ∀ r ∈ Z+ is
(c.f.). We have to show that the equation
h ◦ ϕr − h = f, ∀ f ∈ C∞0 (T
p), r ∈ Z+ (3.1)
has a unique solution h ∈ C∞0 (R
p)⇐⇒ the sequence
Sn(ϕ
r)f = f + f ◦ ϕr + · · ·+ f ◦ (ϕr)n, n ∈ Z+ (3.2)
is uniformly bounded i.e.
||Sn(ϕ
r)|| < C, C > 0
by [F, Lemma 52]. 
Theorem. Let ϕ : T p → T p be a (c.f.) diffeomorphism. Then ϕ is conjugate to a
Diophantine translation τα : T
p → T p.
Proof: For, by Proposition 2 above the entropy of ϕ is zero and by [M1] the spectral
radius sp(ϕ∗) = 1 thus all eigenvalues of ϕ∗ are roots of unity and by the Lefschetz fixed
point theorem 1 is an eigenvalue. By Proposition 3 there exists r ∈ Z+ such that 1 is
the only eigenvalue of ϕr
∗
and ϕr is (c.f.). By [SL2, Corollary 1.7] ϕr is conjugate to
the Diophantine translation τ rα : T
p → T p by a diffeomorphism homotopic to the identity
ψ : T p → T p. Thus ψ conjugate ϕ to the Diophantine translation τα .

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